We describe a construction which yields unbounded derivations and strongly continuous one-parameter automorphism groups of certain group C*-algebras. As an application, we show that a simple C*-algebra can have an automorphism group which is not approximately inner.
1. A strongly continuous one-parameter automorphism group of a C*-algebra 21 is a continuous homomorphism t h> a, from the real numbers into the group of *-automorphisms of 21 equipped with the topology of simple norm convergence. We say that (at) is approximately inner if there is a sequence (Hn) of selfadjoint elements of 21 such that \\e'lH"Ae~"H" -at(A)\\ -*'0 uniformly on compact subsets of R, for each A in 21. Strongly continuous one-parameter automorphism groups of UHF algebras have been investigated in a recent series of papers by Powers and Sakai [5]- [8] , who conjecture that such groups are always approximately inner.
In this paper we show how to construct strongly continuous automorphism groups in certain group C*-algebras which are not approximately inner. In particular, the construction works when the group is the free group on two generators. The reduced C*-algebra of this group is simple [4] , so our results show that a simple C* -algebra with identity can, in general, have strongly continuous one-parameter automorphism groups which are not approximately inner, in contrast to the Powers-Sakai conjecture for the UHF case.
We should like to thank R. Powers and S. Sakai for supplying us with preprints of their work.
2. Let G be a (discrete) group. For h in G let eh be the characteristic function of {h}, so that {eh: h G G) is an orthonormal basis for / (G). For g in G define a unitary operator U on l2(G) by U eh = e h. Let 2l0 be the set of all finite linear combinations of elements of {U : g G G}. The reduced C*-algebra C* (G) of G is the norm closure of 2t0 in the algebra of all bounded operators on I (G). The (full) C*-algebra C*(G) of G is the enveloping C*-algebra (see §2.7 of [2] ) of the convolution group algebra lx(G).
Define a state w of C* (G) by Let A be a homomorphism from G to the additive group of real numbers, and define a linear operator 8X on 3I0 by 8x®ygUg) = 2iX(g)ygUg. In this we differ slightly from the usage of Bratteli and Robinson [1] , who take 8 to be skew-adjoint rather than selfadjoint.) Theorem 1. For X in Horn (G, R), 8X is a closable derivation of C*(G) whose closure 8X is the infinitesimal generator of a strongly continuous one-parameter group of automorphisms (aj) ofC*(G). IfX ¥= 0 then 8X is unbounded and (aj) is not approximately inner.
Proof. For A = 2 yg Ug in 3f0, we have u(8x(A)) = iX(e)ye = 0. For g in G the power series
has nonzero (in fact, infinite!) radius of convergence, so that 3t0 is a dense set of analytic elements for 8X. It follows from Theorem 4 of [1] that 8X is closable and that 8X is the infinitesimal generator of a strongly continuous oneparameter automorphism group (aj), as required. Suppose now that A ¥= 0, so that A(g) > 0 for some g in G. For any positive integer n we have 8x(Ug") = inX(g)Ug", from which it is clear that 8X is unbounded. If A = U* then If (at ) were approximately inner, then by Theorem 2.3 of [5] there would be a ground state p for (a, ). But by Theorem 2.2 of [5] such a state has the property that -ip(A*8x(A)) > 0 (A G 2f0). This is clearly impossible for A = U* so we conclude that (a, ) is not approximately inner.
Notice that the automorphisms at are induced by the unitary group on l2(G) given by eh h> e"meh. Thus 2l0 is invariant under a,x (t G R).
3. We now prove the analogous result to Theorem 1 for the full group C*-algebra C*(G). We shall need the following lemma, which is a consequence of Theorem 1 of 
and (similarly) {8(A) -A: A G <3)(5)} = _2L
It follows from Theorem 1 of [1] that 8 is the infinitesimal generator of a strongly continuous one-parameter group of automorphisms of 21, which must be the same as that generated by 8, so that 8 = 8. Theorem 3. For X in Horn (G, R), 8X is a closable derivation of C (G) whose closure 8X is the infinitesimal generator of a strongly continuous one-parameter group of automorphisms (a, ) of C* (G).IfX =/= 0 then 5A is unbounded and (al ) is not approximately inner.
Proof. As noted at the end of §2, 2t0 is invariant under the automorphisms a,X. If p is any C*-seminorm on 2t0 then the composite mapping pa, is also a C*-seminorm. The C*(G)-norm on 2t0 is, by definition, the supremum of all such C*-seminorms, and it follows that each of the automorphisms a,x is isometric for this norm. Thus (arx) extends by continuity to a strongly continuous one-parameter automorphism group (a, ) of C*(G), whose infinitesimal generator 8X is clearly an extension of 8X. For A = ^, ygUgin 2l0, we have License or copyright restrictions may apply to redistribution; see https://www.ams.org/journal-terms-of-use 8X(A)±A =2 0A(g)± l)ygUg.
Since iX(g) ± 1 cannot be zero it is clear that the range of 8X ± 1 is the whole of 3f0, and it follows from Lemma 2 that 8X is closable, with closure 8X.
We already know that 8X is unbounded if A ¥= 0. To see that (a, ) is not approximately inner, let 77 denote the canonical projection (i.e. the quotient map) from C*(G) onto C*(G). Then the restriction of 77 to 3l0 is the identity map, and ttoJ = aj-rr. Suppose there is a sequence (Hn) of selfadjoint elements of C*(G) with \\ei,H"Ae-i,H" -aj(A)\\ -^ 0 (A G C*(G)). Then \\ei'^H")iT(A)e~i!,T{Hn)-atiiT(A))\\-^0,and it would follow that (a?) was approximately inner, contradicting Theorem 1. Thus (a, ) is not approximately inner. Proof. As explained above, we may replace G by G/[G, G] and suppose that G is abelian. If G is a torsion group then (since R is torsion-free) it is clear that Horn (G, R) = (0). Suppose that G is not a torsion group, so that there is an element h of G of infinite order. Then h freely generates an infinite cyclic subgroup H of G, and we can certainly choose a nonzero homomorphism A from H into R. However, R is an injective object in the category of abelian groups (since it is a divisible group) and so A extends to a nonzero homomorphism from G to R. Thus Horn (G, R) # (0).
Comments and examples.
Consider first the case where G is abelian. If we regard the element 2 Jg U of 3t0 as the Fourier series of the function X i-* 2 Yg x(g) (x e G) on the compact dual group G, acting by pointwise multiplication as a bounded operator on L (G), then we can easily verify that the group algebras C*(G) and C*(G) are both isomorphic to the C*-algebra C(G) of all continuous complex-valued functions on G. (In general, C*(G) and C* (G) are isomorphic if and only if G is amenable-see [3] .) If G = Z (the additive group of integers) and A is the inclusion map from Z into R then, under the isomorphism between C*(Z) and C(r) (where 1 is the circle group), at corresponds to the automorphism given by a rotation of T through 277/ and 8X corresponds (up to a scalar multiple) with ordinary differentiation of a function in C(T).
For our second example we take G to be the free group on two generators. In this case it is clear that Horn (G, R) ¥= (0). It has been shown by Powers [4] that CJ(G) (which is not isomorphic to C*(G)) is simple. By Theorem 1, C*(G) has strongly continuous one-parameter groups of automorphisms which are not approximately inner.
We remark in conclusion that our results do not cast any doubt on the validity of the Powers-Sakai conjecture, since a UHF algebra can never be the group C*-algebra (reduced or full) of a discrete group.
